Abstract-This paper proposes a novel control scheme for channel equalization for wireless communication system. The proposed scheme considers channel equalization as a classification problem. For efficient solution of the problem, this paper makes use of a neural network working on Algebraic Perceptron (AP) algorithm as a classifier. Also, this paper introduces a method of performance improvement by increasing margin of AP equalizers. Novelty of the proposed scheme is evidenced by its simulation results.
I. INTRODUCTION
There is an ever-growing demand for high quality and high-speed wireless communication. One of the major limiting factors is inter symbol interference (ISI). Adaptive equalizers are used to reduce channel disturbances such as noise, ISI, CCI and adjacent channel interference (ACI), nonlinear distortions, fading, timevarying characteristics of channels, etc. Researchers in [1] [2] [3] [4] have developed some advances on equalizers. However, Neural network-based equalizers [5] [6] [7] [8] have been proposed as alternative approaches to classical equalizers and provide significant performance improvement in a variety of communication channels. In spite of its good performances, NN models of channel equalizers have raised many controversial issues like: high value of complexities and lower margin. Though equalizers based on Support vector machines (SVM) [9, 10] increases margin, they aim only at maximizing the margin. This motivates this paper to go for an equalizer with large margin and to keep the network size down as well. To avoid the above-mentioned difficulties in existing equalizers, this paper proposes an Algebraic Perceptron Neural network (APNN) with large margin. In recent literatures, researchers are dealing with equalization problem as an optimization problem and optimize them using soft and evolutionary algorithms [11] [12] [13] [14] . Here in this paper, we solve equalization as a classification problem. The objectives of this paper can be outlined as: (1) To formulate problem of channel equalization as classification problem, (2) Placing Algebraic Perceptron (AP) network as a classifier, (3) Increasing margin of AP classifier. (Resulting equalizer termed here as APLM), (4) Comparing the results with existing large margin classifiers, i.e. with Support vector machines (SVM) and (5) The purpose of this paper is not to make APLM a substitute for the SVM, whose solution optimizes, but to consider its network size as well. Advantages of this paper are that the proposed equalizer (APLM) tries to maximize margin with respect to the critical vectors rather than the whole data set. Rest part of this paper is organized as: Section II formulates channel equalization as a classification problem. Section III gives a brief description on the AP basics. In section IV, we discuss Algebraic Perceptron Neural Network (APNN) as a classifier. Section V projects the improvements made using APNN. Section VI describes the simulation results and the paper is concluded in section VII.
II. CHANNEL EQUALIZATION
The digital communication system considered in this paper is illustrated in the Fig. 1 . The linear time invariant channel has been modeled as an FIR filter and its transfer function is given by [20] : Input data, ( ) n x , is in form of binary sequence. Due to noise introduced in the channel, at the receiver a +1 may appears as -1 and vice versa. Hence, it is required to have a clear boundary between these two classes. Channel equalizer does this job of classifying the data. Hence, the channel equalization problem can be treated as classification problem and can avoid the need of channel inversion. The channel input vector for m th order equalizer is given
This can take 
That can be divided into two classes as:
The AP is a binary pattern classifier. It projects the data onto a high dimensional feature space and constructs an arbitrary separating hyperplane between the positively labeled and the negatively labeled training data. As with other neural networks classifiers, the AP can be used as controller in electric vehicles. When compared with other traditional neural networks classifiers, such as the Multilayer Perceptron, the Radial Basis Function Network or the Modified Probabilistic Neural Network, the AP can be trained much more quickly and easily. According to Cover's theorem on the separability of patterns "ref" [15] :
An input space made up of nonlinearly separable patterns maybe transformed into a new feature space where the patterns are linearly separable with high probability, provided that two conditions are satisfied. First, the transformation is nonlinear. Second, the dimensionality of the feature space is high enough. This theorem has been the foundation for the AP. For the AP, two mathematical operations are involved. The first operation is the nonlinear mapping of multi-dimensional input vectors onto a high dimensional hypersphere in the feature space where linear separation is possible. This operation is hidden from both the input and the output. The second operation is to find a separation on the hypersphere using a geometrical separation technique. The separation is achieved by an arbitrary hyperplane constructed using a sparse data representation.
Consider the problem of classifying data { } 
A. Data Preprocessing
Because the AP operates in a hyper-sphere, some data preprocessing is required to project the data on to the hyper-sphere. The general equation of a decision surface in the feature space that does the separation is defined by:
Where, w is weight vector and b is bias.
The equation separates the positive and the negative examples:
However, because the AP performs separation in a hypersphere with the center of the hyper-sphere as the origin, the bias term, b , somehow has to be incorporated into the operation. This can be done by adding an additional dimension to the input vectors, that is, Here, λ is a scalar constant.
B. Normalization
The vectors are first mapped to a unit sphere. This procedure helps speed up the special geometrical operations on which the AP algorithm is based. First, the length of each vector in x′ is to be the same.
Normalizing the vectors can do this:
This maps x′ to a unit-sphere,
C. Nonlinear Transformation
The vectors on the unit-sphere are taken to the feature space, V , through the mapping { }
φ . An inner product kernel, k , is used to translate two vectors in the lower dimensional space, E , into inner products in the high dimensional feature space, V , as defined by: The above steps can be expressed recursively as follows:
While
, 2 (11) To avoid evaluating vectors in the feature space, the Eq.(11) can be restated in terms of inner products via kernel functions. (12) or,
is the Kronecker Delta function.
The inner product in the feature space can be expressed as:
The final 
E. Soft Margin
There is no mechanism in the AP that takes care of the cases of non-separable patterns. In these cases, the algorithm continues to try to deal with the misclassified examples. In using the Gaussian Kernel, the dimensionality of the feature space becomes infinitely large. It is always possible to classify finite training data. As a general principle from learning theory, for two classifiers having the same training error, the classifier with smaller kernel parameter is more likely to perform better on unseen data [17] . Over fitting the data may give higher generalization error. In the setting of the problem (17), non-separable patterns, or the overlapping of data, are likely to be the results of noise. Separating the nonseparable means that the classifier even tries to make "sense" of the effect of noise. For this reason, measures have to be taken in the AP to handle non-separability. Two approaches are available. In the first approach, the frequencies of violating samples are tracked. Frequent violating samples are eventually removed from training data [18] . In the formulation of the AP algorithm, the coefficients of the violating vectors are adjusted at each iteration. Non-separable samples are ones that frequently violate. This approach is based on observation and it does not properly penalize the measure of the violation on separability. However, it works well on the specific application like that of (1), when noise is high [18] . In the second approach, the coefficients of the critical vectors are bounded by a constant, C. This is done in the same way that the Lagrange multiplier in the SVM is bounded by the regularization parameter, C. The coefficients of non-separable samples grow in size at each iteration. Once the coefficient of a critical vector goes over the bound, C, the sample is removed from the training data. A similar method has also been proposed for dealing with the requirement of a soft margin classifier in [19] .
F. Classification
Classification is performed according to Eq. (17) . The decision criterion is the sign of the inner product between the test vector and j z in the feature space. Positive signs indicate that the test vectors are labeled +1, and the inverse for the other classification. The structure of the AP is shown in Figure 3 .
IV. ALGEBRAIC PERCEPTRON CLASSIFIER (APC)
The AP has a definite advantage for problems where data density is high and ambiguity is low [19] . However, this is not the nature of the equalization problem where data clusters are distinct and noise is ever present. As a demonstration, the AP is used to solve the problem (17) discussed in section 2. The difference here is that the signals are binary taking values from { } 1 ± . Consecutive m-number of received symbols is the input to the AP for training and classification. Selecting the input dimension to be two, i.e. m = 2, the nature of the problem can be visualized more easily. Figure 4 shows the data distribution and decision boundaries constructed by AP in separate test runs. For the same set of data distribution, the decision boundaries are different in each test run. This demonstrates that the performance of AP can be unstable. The performance depends on where the decision boundary is located relative to the data distribution. One of the ways to stabilize the performance of AP, according to the law of large numbers, is to make the size of the training sample, N, infinitely large. By observing the data distribution, it is intuitive that a better decision boundary should be constructed right in the middle of the gap between the data clusters of different classifications. In other words, in order to yield better results, the gap between the decision boundary and the data clusters from different classifications should be the same. The same argument should also apply to the case when the input dimension is more than two.
V. PERFORMANCE IMPROVEMENT BY INCREASING THE MARGIN
Mathematically, the reasoning behind the above mentioned intuition could be found in Vapnik's work on Statistical Learning Theory [20] . The principle of Structural Risk Minimization reveals that minimizing the training error is only half way to minimizing generalization error. Generalization error is defined as the error rate of the learning machine after it was trained, when it is tested with examples from the same statistical distribution but not seen before. Minimizing generalization error is especially important to the application of channel equalization, because the training data can only be a small sample of the whole representation. Through better generalization it is possible to acquire reasonable results from a reduced set of training data. The problem to be solved is this: given separation, find a better solution that gives a bigger margin. The method proposed is a simple adaptive method to increase the separation margin of the AP. This is an extension to the AP algorithm.
A. Measuring and Maximizing the Margin
The Euclidian distance can be used to determine the similarity between two vectors. Let i x denote a m -by-1 vector of real elements.
[ ]
The Euclidean distance between a pair of m -by-1 vector i x and j x is defined by: Here, θ is the angle between the two vectors. The relationship between Euclidean distance and inner product is shown in Figure 5 . It can be seen that the computation of inner products is equivalent to carrying out geometrical constructions in terms of angles, length and distances. Now for the operation of AP, the vectors are normalized to have unit length, that is,
Eq.(19) can be used to write
Eq. (22) shows that minimizing the Euclidean distance corresponds to maximizing the inner product. In other words, the inner product can be used as a measure for margin. The margin is the key factor in the generalization analysis for such classifiers. 
B. Adjusting the Decision Boundary
The steps are to shift the position of the separating plane so that the margin is increased and yet the separation condition still satisfies. Because the normal vector is a linear combination of the critical vectors, the position of j z can therefore be adjusted away from or towards the direction of a particular critical vector by changing the coefficients of that critical vector,
in Eq. (13) . This is demonstrated in Figure 6 .
The idea is to locate and increase the value of the coefficient of the critical vectors of each class that are too "close" to the separating hyperplane. When the normal vector is equal in "distance" to all the critical vectors, the margin with respect to the critical vectors is maximized. Please note that the margin here does not mean the same thing as the margin in the SVM, where it is with respect to the entire data.
After the initial adjustment, the normal vector, j z , is no longer of unit length. The inner product between the normal vector and the critical vector involves the angle and the length of the normal vector. However, this does not affect the approach of using the inner product to locate the critical vector whose coefficient is to be updated.
C. Adding New Critical Vectors
It may occur that during the process when the margin is being maximized, other vectors from training samples, i y , could lie closer to the decision boundary than any of the critical vectors of the same label. In such a case, this particular vector should be included as a critical vector. Updating the coefficient of the vector using the same update method does this inclusion. The optimization of the margin should continue.
The following simple algorithm was devised:
Calculate the normalized variance of the inner products.
Stop if 
D. The Improvement
The improvement to the generalization ability as a result of increasing the margin can be visualized by selecting the input dimension to be 2. This is shown in Figure 7 . The figure is to be compared to previous results acquired using AP before the improvement, as shown in Figure 4 .
The decision boundary from the increased margin AP is compared with one constructed by an Optimal Bayesian Equalizer. The optimal equalizer is constructed given some prior knowledge about noise. It provides a good benchmark for the test equalizers. It can be shown from Figure 7 that the decision boundary given by the increased margin AP follows quite closely the decision boundary provided by the optimal equalizer for this particular data distribution. Without actually performing Monte Carlo analysis to determine the error rate, the prediction is that the two will perform quite similarly.
One of the advantages of a large margin classifier is that it can be trained with fewer data to give the same result. To demonstrate this point using the APLM, Figure 8 shows the separation by the APLM with a mere 100 training samples. The decision boundary is similar to what is given by Figure 7 .
VI. SIMULATION RESULTS
The methods discussed in previous sections are put to the test by running simulations. The channel used in the simulation is a discrete time linear phase channel modeled as FIR filter and the transfer function is given by:
The input data for the training and testing are chosen from the { } 1 ± with equal probability. They are independent and identically distributed. The additive distortion introduced by the channel is modeled as white Gaussian noise with zero mean. For the training of the AP equalizer a binary sequence of 300 is randomly generated and fed to the digital channel. At the output of the channel white Gaussian noise with zero mean is added to introduce further distortion. This distorted sequence forms the input pattern for the AP equalizer. The proposed equalizer is trained to this pattern. The input dimension is chosen to be 4. The delay is set at 1. Gaussian kernels with small sigma values, 1 . 0 = σ , were used. The purpose of this paper is to show the improvement in performance of having the margin increased in the AP, while other variables, such as the kernel type, are kept constant. After the training phase is complete, the AP equalizer is tested with a new sequence of data generated from { } 1 ± with equal probability. This data sequence is, then, passed through the channel to introduce the ISI. White Gaussian noise is added to the output of the channel to introduce the additive distortion in the signal. This distorted binary sequence is applied to the input of the proposed AP equalizer.
B. Comparing with the Support Vector Machine
There is a fundamental difference between this approach and the approaches by other large margin classifiers, such as the Support Vector Machine (SVM). The difference is that the SVM aims only at maximizing the margin, whereas the APLM tries to keep the network size down as well. In the SVM, the margin is maximized with respect to the complete training data. The network size is dependent on the parameter settings and the structure of the training data. Unless the data structure is known before hand or that the network is retrained with different parameter settings, it is often difficult to know whether the network size can be further reduced to give a more efficient run time implementation. The APLM on the other hand increases the margin with respect to only the critical vectors. In the cases, which are encountered in channel equalization, the decision boundary formed by increasing margin of the critical vectors approximates the decision boundary produced by the SVM. However in the former, the number of critical vectors can be monitored and be kept low. This is especially useful if the run time efficiency is an important consideration. However, the reduction in network size comes with a slight performance penalty. The argument for persisting with it even with the loss of performance is as follows. In practice, the equalizer is trained with a noisy data set. To be really precise, in determining the maximal margin boundary the effect of noise is generalized. Therefore, it is reasoned that by relaxing the precision by a small extent it should generate similar results.
C. Results and analysis
In order to study the performance of proposed equalizers AP and APLM, we have compared the results with SVM and optimal Bayesian equalizer. This performance study was based on four parameters: (1) Decision boundary, (2) Error performance in terms of Bit Error Rate (BER) and ( ) Similarly, Network size is evidenced from table 1. Stability is demonstrated through an example at the end of this section. Study of figures 9 reveals that, there is no large difference between decision boundaries framed by SVM and proposed APLM. Also from figure 7, though it seems a difference in decision boundary between Bayesian optimal equalizer and proposed APLM, a keen study shows there is no difference in pattern classification of output signal. Figure 10 and 11 shows that for SNR of less than 12 dB, the APLM does not possess any advantage. This is because at this high noise level, data clusters are loosely bounded. The "gaps" between the data clusters become narrow. The room for increasing the margin becomes restricted. However, as the noise level decreases, the improvement in performance allows the APLM to get close to the performance of the Optimal Equalizer and SVM. While, on the other hand, the AP struggles to stay error free. The APLM equalizer cannot achieve the same results that the Optimal Equalizer did at high noise level. This is because by observing the input data alone, the APLM could not distinguish between the effects due to noise and effects due to the channel response, whereas for the Optimal Equalizer the noise distribution is known apriori. For the APLM, the size of the network is the number of critical vectors required to perform a particular classification. It translates directly to the calculation complexity to classify one input. Table 1 shows that size of the APLM when it is required to equalize the channel defined by Eq.(23) when the SNR is 20dB. As a reference, the table also lists the number of centers required by an optimal Bayesian equalizer. The number of centers for the optimal equalizer is the number of possible states. What Table 1 demonstrates is that the size of the APLM network does not grow exponentially with the increase of input dimension. The optimal Bayesian equalizer, on the other hand, does. This has to do with the way the critical vectors are chosen in the APLM. One of the ways to reduce the size of the network is to choose centers that are close to the decision boundary. This is exactly what was done in choosing critical vectors for the APLM. In order to maintain the accuracy of the equalizer, when the input dimension is increased, the number of training samples also needs to be increased. This is because the dimensionality of the input space rapidly grows and leads to a point where the training data is sparse and does not provide a good representation of the mapping. This is to be noted that, a mere 300 training data were adequate to train the network. This is a distinct advantage for using the APLM as an equalizer.
D. Example: Nonlinearity
The problem of stability exists because the AP only constructs an arbitrary decision boundary between the binary patterns. For classifying problems with low data density, like the case for channel equalization, where the space between data clusters can be relatively large, the performance becomes unstable. The fix to the problem is to reduce the arbitrariness in constructing the decision boundary. According to the principle of structural risk minimization, it is better that the margin between the decision boundary and the two classifications is maximized. A method that increases the margin of the solution produced by the AP was proposed. The problem of stability in using the AP as a nonlinear channel equalizer has been addressed via this example. In simulations it was shown to give superior and more stable results. Using APLM on channels with nonlinear distortions should not affect the improvement in performance over the AP. This is demonstrated in the following example. Nonlinearity in the channel is simulated: 
VII. CONCLUSION
This paper proposed two novel equalizer structures, AP and APLM. Advantages of this paper can be outlined as: (1) The purpose of this paper is not to make APLM a substitute for the SVM, whose solution optimizes, but to consider its network size as well, ( 2) The APLM tries to maximize margin with respect to the critical vectors rather than the whole data set, (3) This is to be noted that, a mere 300 training data were adequate to train the network of proposed APLM, (4) Significant reduction in network size as compared to Optimal Bayesian equalizer and SVM equalizers, (5) Significant improvement in performance as compared to SVM based equalizers, (6) This paper also addressed stability concerns for large margin classifiers through an example and in simulations proposed APLM was shown to give superior and more stable results.
